Abstract -The paper is concerned with the IBVP of the Navier-Stokes equations. The goal is the construction of a weak solution enjoying some new properties. Of course, we look for properties which are global in time. The results hold assuming an initial data v 0 ∈ J 2 (Ω).
Introduction
This note concerns the 3D-Navier-Stokes initial boundary value problem: 
In system (1) Ω ⊆ R 3 is assumed bounded or exterior, and its boundary is smooth. The symbol v denotes the kinetic field, π v is the pressure field, v t := ∂ ∂t v and v·∇v := v k ∂ ∂x k v. In several papers, related to the Navier-Stokes initial boundary value problem, the authors give results concerning the partial regularity of a suitable weak solutions (see Definition 2 below) . This is made in order to highlight the properties of a weak solution, corresponding to a data v 0 ∈ L 2 (Ω), divergence free, that can be suitable to state the well posedness of the equations, see e.g. [15, 14, 3, 9, 27, 4, 7, 6, 17, 8] 1 . We believe that, in connection with the non-well posedeness of the Navier-Stokes Cauchy or IBVP problem, this kind of investigation achieves a further interest. Actually, in the recent paper [2] , it is considered the possibility of non uniqueness of a weak solution to the Navier-Stokes equations. This is proved for very weak solutions, that is solutions satisfying a variational formulation of the Navier-Stokes equations and simply belonging to C([0, T ); L 2 (Ω)). As a consequence of the weakness of the solutions, the result of non uniqueness fails to hold for regular solutions, but a priori it also does not work for a suitable weak solution, that is a solution verifying an energy inequality. So that in order to better delimit the validity of a possible counterexample to the uniqueness in the set of weak solutions corresponding to an initial data in L 2 (Ω), it seems of a certain interest to support the energy inequality, or its variants, by means of a wide set of global properties of the weak solutions not necessarily only consequences of the energy inequality, but of the coupling of other a priori estimates.
The aim of this note is to prove some new properties of a weak solution. We investigate two questions. One is related to a sort of energy equality for a suitable weak solution. It is easy to understand that the possible validity of the energy equality achieves a mechanical interest that goes beyond the above question concerning the well posedeness. Actually, we construct a weak solution (v, π v ) to the Navier-Stokes initial boundary value problem such that ||v(t)|| Function H(t, s) has a suitable expression, see formula (5), and if H(t, s) ≤ 0, then the energy equality holds (that is a fortiori H(t, s) = 0). These results are a consequence of the fact that we are able to prove that an approximating sequence 2) . The strong convergence, in turn, is a consequence of the property:
) for all m ∈ N and T > 0. Unfortunately we are not able to put r = 2, that should give the energy equality. For 2D-Navier-Stokes equations one proves that H(t, s) = 0. It is important to stress that the term H(t, s) is equal to zero in 2D-case thanks to our approximating approach, and not appealing to the regularity of the limit. Another result proves that
and p ∈ [2, ∞]. This result is not new in literature. A first contribution in this sense is proved in [10] for a particular geometry and it is reconsidered in [9] . The proof given in [9] for exterior domains is not completely clear to the present authors. However our proof is alternative with respect to the ones of the quoted papers.
In order to better state our result we recall the following definitions. We denote by J 2 (Ω) and J 1,2 (Ω) the completion of C 0 (Ω) in L 2 (Ω) and in W 1,2 (Ω) respectively, where C 0 (Ω) is the set of smooth divergence free functions. Moreover (·, ·) represents the scalar product in L 2 (Ω).
iii) for all t, s ∈ (0, T ), the pair (v, π v ) satisfies the equation:
In [3] and in [24] , in order to investigate on the regularity of a weak solution, it is introduced an energy inequality having a local character: 
for all t > s, for s = 0 and a.e. in s ≥ 0, and for all nonnegative φ ∈ C ∞ 0 (R × Ω). We denote by Σ ⊆ [0, ∞) the set of the instants s for which inequality (3) holds.
Thanks to the properties of the pressure field furnished by the existence theorem, from inequality (3) one deduces the classical one: 
We are going to prove the following result.
) of a sequence {v m } of solutions to (13) . 
for any arbitrary constant K > 0.
Remark 1. We note that the quantity H(t, s) is independent of the constant K. This fact is intriguing and somehow leads to conjecture that H(t, s) = 0.
, almost everywhere in t > 0, we also get
From one side it leads to no contradiction if compared with identity (2) . From another side, roughly speaking, it suggests that there exists a neighborhood of t = 0 where, for any m ∈ N,
In paper [23] it is proposed a new energy inequality: -time derivative. If N(t) > 0 is not known. In the two dimensional case one proves that N(t) = 0. Of course, we are not able to compare the solution furnished in [23] and the one of Theorem 1.
In paper [17] it is proved the compatibility between an energy equality, that is in our context H(t, s) = 0, and an initial data v 0 ∈ J 2 (Ω). This supports the idea that H(t, s) can be equal to zero.
Remark 3. We point out that by a proof completely similar to the one of Theorem 1 one can prove the validity of the following generalized energy equality
a.e. in t ≥ s > 0 and for s = 0, where
for any arbitrary constant K > 0 and for all nonnegative φ ∈ C ∞ 0 (R × Ω).
The plan of the paper is the following. In sect.2 we give some preliminaries and auxiliary lemmas. In sect. 3 we give the proof of the theorem. In the appendix we recall some known properties of the pressure field that are employed in sect. 2.
Some preliminary results
In the case of p = 2 we write P 2 ≡ P . For any R > 0 we set B R = {x ∈ R 3 : |x| < R}. We start with the following a priori estimate:
Then there exists a constant c independent of u such that
provided that a ∈ [0, 1).
Proof. The result of the lemma is a special case of a general one proved in [16, 18] .
where
and
Also, assume that
Then there exists a subsequence of {u
Proof. The result for Ω bounded is well known, a proof is given in [14] . In the case of Ω exterior, a proof is due to Leray in [15] . For the sake of the completeness we furnish the following proof. Let u be the weak limit of {u
. By virtue of (10), for any R > 0 we have
By (10) for ψ(R) and (11) for u k 0 , and by the absolute continuity of the integral, we get that, for any ε > 0, there exist R and k, such that
In the bounded set Ω ∩ B R we apply Lemma 2 and we use estimate (9), obtaining, for any k ∈ N,
By the uniform bound (9) we have that 
and we use the dominated convergence theorem to pass to the limit as k → ∞ in (12) . The property (11) allows us to complete the proof.
We recall also two basic results of integration theory.
Proof. There exists an increasing sequence {q h } such that q h → ∞ and lim
Hence, for any ε > 0 we can findh such that v q h ≤ l + ε for any h ≥h. Moreover, if q > qh we can find h ≥h such that q h ≤ q < q h+1 . By interpolation, there exists
It follows that v q ≤ l + ε for any q > qh. Hence v ∈ L ∞ (Ω) and
Lemma 4. Let {g k } and g be summable functions such that g k → g almost everywhere and lim
If {f k } and f are measurable functions such that |f k | ≤ g k almost everywhere and
by Fatou's lemma we get
It is well known that in [3] and in [24] it is furnished an existence theorem of suitable weak solutions to the Navier-Stokes Cauchy problem. Here, in order to achieve the same result in the case of problem (1), that is, in the case of the initial boundary value problem in bounded or exterior domains Ω, we give the chief steps of the proof in Lemma 5 and in the appendix. For this goal we consider a mollified Navier-Stokes system. Hence problem (1) becomes 
with c(t) ∈ L ∞ (0, T ) and ψ(R) = o(1).
Proof. The above result is well known. The existence and uniqueness of the solutions and related properties of regularity can be proved as in Theorem 3 of [13] (see also [5] ). Concerning estimate (14) , in the case of the Cauchy problem it was due to Leray in [15] . Subsequently the result is extended to the initial boundary value problem in exterior domains by several authors, in different contexts. Actually, the technique employed by the authors is essentially the same. In this connection, without the aim of being exhaustive, we refer to [12, 22] . In appendix we give the details of the proof of (14) . 
Proof. By virtue of the regularity of (v m , π v m ) stated in Lemma 5, we multiply equation
Integrating by parts on Ω, and applying the Hölder inequality, we get
Applying inequality (7) with r = ∞ and q = 6, by virtue of the Sobolev inequality, we obtain
By inequalities (16) and (17), we get
for all m ∈ N and a.e. in t > 0 . We can divide by (1 + ||∇v m (t)|| 
Integrating on (0, T ), for some T > θ, we have
Employing the reverse Hölder inequality (see [1, Theorem 2.12]) with exponents (1 + ||∇v m || Coupling the above inequalities with the energy inequality (4), estimate (15) follows.
Proof of Theorem 1
The idea of the proof is the following. We consider the sequence of solutions to problem (13) furnished by Lemma 5. It is well known that there exists a subsequence {(v m , π v m )} whose weak limit (v, π v ) in L 2 (0, T ; J 1,2 (Ω)) is a weak solution in the sense of the Definition 3. All this is contained in [15] or for example also in [3] . Now, our aim is to prove further estimates on the extract {(v m , π v m )} that ensure the thesis of Theorem 1. We start by proving that the sequence {v m } strongly converges in L p (0, T ; W 1,2 (Ω)), for p ∈ [1, 2) and for all T > 0. We recall that
Hence, integrating on (0, T ) and applying the Hölder inequality, we get
By virtue of Lemma 6, we get the existence of a M(T ) such that
and, via (14) , we can apply Corollary 1 and we deduce the strong convergence of the sequence {v m } in L 1 (0, T ; W 1,2 (Ω)). Since the energy inequality holds uniformly with respect to m ∈ N, by interpolation we arrive at the strong convergence of {v m } in L p (0, T ; W 1,2 (Ω)), for any p ∈ [1, 2). In order to identify the limit point, we remark that {v m } weakly converges to v in L 2 (0, T ; W 1,2 (Ω)), hence v has to coincide with the strong limit in each space L p (0, T ; W 1,2 (Ω)). Thus for all T > 0 we deduce that
Moreover, by the strong convergence in L 1 (0, T ; W 1,2 (Ω)), there exists a negligible set (for the Lebesgue measure) I ⊂ (0, T ), such that for any t ∈ G := (0, T ) − I the following limits are finite 
From the energy equality for the approximating solutions {v m } we obtain, for any t ∈ G and any α, K > 0,
Integrating by parts we get
We remark that, for almost every τ ∈ (0, T ), by (20) ,
and that, for α ∈ 0, 1 2 , by virtue of the strong convergence in
Hence we can apply Lemma 4 to obtain that, for any t, s ∈ G,
Applying once again Lemma 4, we get
Then, letting α → 0 in (21), we deduce (2) with
It remains to prove that v ∈ L µ(q) (0, T ; L q (Ω)). By virtue of estimate (7) we get
Employing the energy relation (4) and estimate (15) , applying the Hölder inequality, for all T > 0, we deduce that, for any m ∈ N,
where, here and in the following, C(v 0 ) are constants depending only on v 0 2 . Therefore by L p -interpolation and recalling that v m ∈ L ∞ (0, T ; J 2 (Ω)), uniformly in m ∈ N and T > 0, we arrive at
This allows us to claim that, for all T > 0, the weak solution v to problem (1), limit of the sequence
This limit property and Fatou's lemma ensure that, for all T > 0 and for any sequence q h → ∞, the following estimate holds true
The thesis of the theorem in the case q = ∞ follows straightforward by Lemma 3.
Remark 4. We verify that in the case of 2D-Navier-Stokes equations H(t, s) = 0. It is important to realize the result in the framework of the construction given in the above proof, that is, not relying on the regularity of the limit solution v. We start remarking that estimate (17) , for Ω ⊂ R 2 , via (7), becomes
Hence, in place of (18), we deduce the differential inequality
Hence we achieve the result of Lemma 6 also for Ω ⊂ R 2 , with the only difference that on the right hand side of estimate (15) we have
. By the same arguments of the 3-dimensional case, we obtain that {v m } strongly converges in , 2) , that is the key ingredient to arrive at the identity (2). Now we prove that H(t, s) ≤ 0, which implies, by virtue of the energy inequality (4) , that H(t, s) = 0. By (24) , (4) and the Hölder inequality, we have
Passing to the limit for m → ∞ and then for α → 0, we get that H(t, s) ≤ 0.
Appendix

Some results related to the construction of the weak solution
In this section we recall some results which are fundamental in order to construct a suitable weak solution. These results essentially concern estimates of the pressure field π v m which appears in (13) . Of course we look for estimate that are uniform with respect to m ∈ N. Our aim is to justify estimate (14) . We start byrecalling that the energy relation holds uniformly in m ∈ N:
We introduce the following functionals:
We consider the following Neumann problem:
The lemma is due to Solonnikov in [25, 26] . A recent proof of the same result, by similar techniques, can be found for example in [19] .
Applying the Hölder inequality and the Gagliardo trace theorem, one gets
where we set β :=
. Now, we consider (U, π) as a solution to the Stokes problem
We estimate π by means of (27) . That is, we set a := curl U, we assume v 0 ∈ J 2 (Ω), and, via the semigroup properties of U (see, e.g., [20] ), for q = 2, for all T > 0, we get
with β = 1−2λ 3
. Keep this in hand, we can also deduce an estimate in the exterior of B R 0 . Actually, by means of a cut of the equation (25) in B R 0 , we get
Then, by the representation formula of the solution, we obtain for |x| > R 0
∇E(x − y)∇h R 0 πdy, with E fundamental solution, so that, for r ∈ (3, 6), we easily get
Consider the following initial boundary value problem for the Stokes system:
). Then there exists a unique solution to problem (31) such that
with c independent of F and T .
Proof. This result is well known, a proof can be found in [20, 21] . . Now, we are in a position to prove estimate (14) . We consider R > 0 such that R > 2R 0 . We denote by h R a smooth function such that h R (x) = 1 for |x| > R, h R = 0 for |x| < . We multiply equation (13) Applying the Gagliardo-Nirenberg inequality and energy relation, we deduce 2 . By virtue of Lemma 9, assuming r ∈ (3, 6) and which furnishes (14) .
